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Finite-Element Navier-Stokes Analysis
of the Flow About a Finite Plate

Jean Caille* and Joseph A. Schetzt
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

The problem considered is the "classical" case of laminar flow about a finite flat plate over the range
IO2 < Ret ^ IO5, treating the whole flow field with particular emphasis on the leading and trailing edges and the
near wake. It was worthwhile to revisit this problem using modern numerical methods for the Navier-Stokes
equations because it was found that the agreement between the existing predictions and newer experiments is
surprisingly poor for some key features of the flow. The present work uses a weak Galerkin formulation for the
finite-element method with the pressure determined by a penalty approach. The results are presented mainly in
terms of the skin-friction coefficient on the plate, the wake centerline velocity variation, and the velocity vari-
ation along the upstream stagnation streamline. Thick plates are also considered. The results are compared to
earlier analyses and experiments. Finally, the case of a three-dimensional finite width (L = W) flat plate at
RCL = IO2 and IO3 is treated and discussed.

Nomenclature
Cf = skin-friction coefficient
DX = width of the element
DY = height of the element
FP = surface of the plate
L = plate length
LE = leading edge
/i/ = normal vector
P = pressure
Ri = residuals
ReL,Re = Reynolds number based on L
tf = surface traction
T = plate thickness
TE = trailing edge
u,v,w - velocity components
UifU,V,W = u/L, v/L, w/L
x,y,z = axial, vertical, and transverse coordinates
X,Y,Z = x/L,y/L,z/L
A = penalty parameter
p = fluid density
fj, = fluid viscosity

Subscripts
Cl = values along axis of symmetry
top = external boundary above the plate
up = upstream region
oo = freestream conditions

Introduction

T HE analysis of laminar flow about an aligned flat plate
goes back to the early years of the century when Prandtl1

developed the boundary-layer theory for high Reynolds num-
ber flows and Blasius2 solved the semi-infinite flat-plate prob-
lem. Since that time, some experiments and a number of ana-
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lytical and numerical studies have been done to better
understand the characteristics of the flow in various regions,
e.g., the upstream, plate, and wake regions. (See Refs. 3-34.)
By studying this list, one can notice certain important facts.
First, very few experiments exist. It is hard to perform a good
and complete experiment, especially at low Reynolds num-
bers, due to the physical limitations of wind tunnels, models,
and instruments. Second, this fundamental problem is clearly
not so simple. One has to be very careful about the treatment
of the leading- and trailing-edge regions. There are also a
number of parameters to be considered — ReL, plate thickness,
etc. Third, the agreement between the existing theoretical and
numerical predictions and the experiments is surprisingly poor
for some key features of the flow.23 Finally, one finds very few
three-dimensional (e.g., finite width) studies in the litera-
ture.30'32 For these reasons, it was decided to revisit this gen-
eral flow problem using modern numerical methods for the
full Navier-Stokes equations.

The specific purpose of this paper is to study the laminar,
incompressible flow about an aligned finite plate for Reynolds
numbers based on the length of the plate (ReL) between IO2

and IO5, treating the whole flowfield with particular emphasis
on the leading and trailing edges and the near wake, for the
three geometrical cases of thin, thick, and finite-width plates.
The numerical method is the finite-element method (FEM). A
weak Galerkin formulation with the pressure determined by a
penalty approach was used. This method was chosen for three
reasons: 1) this method has been successfully applied many
times to the Navier-Stokes equations for other kind of prob-
lems — it is efficient and robust; 2) the boundary conditions
can be applied very efficiently for this type of flow — it is easy
with the FEM to combine essential and natural boundary con-
ditions; and 3) the FEM is convenient for different geometries.

Equations of Motion
The mathematical model for the laminar flow of an incom-

pressible fluid is given by the continuity equation and the
Navier-Stokes equations as

Uiti = 0

Finite-Element Method
The present work uses a weak Galerkin formulation for the

FEM with the pressure determined by a penalty approach. The
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complete details of this formulation are readily available in
other references (e.g., Ref. 35); thus, only an outline of the
technique is presented here.

Substitution of an approximate solution (U*,P*) into the
equations yields a set of residual equations of the form

Momentum:

Continuity:

= R2

where Rf are the residuals, a measure of the quality of the ap-
proximate solution. The Galerkin method reduces this error to
zero, in a weighted sense, by making the residuals orthogonal
to some set of functions. The weighting functions 6(7/ must
satisfy the continuity equation. The continuity equation con-
straint is enforced by use of a penalty method. The resulting
weak formulation is given by

u + UJti) + \UltidUiti] dD

fi dS

where A is a positive number whose value affects the accuracy
of the solution. A value of X of 106-108 usually proves effec-
tive. When the divergence theorem is applied, it introduces the
natural boundary conditions involving the surface tractions tf :

The pressure appears only implicitly through the surface inte-
grals on the right-hand side. The only unknowns are the veloc-
ity components. Once the velocity field is obtained, the pres-
sure may be computed in a postprocessing step from the
relationship

P= -Xty,/

The formulation results in a system of nonlinear algebraic
equations of the form

[K(U)](U) = (F)

where K is the global system matrix, U the global vector of
unknown velocities, and F the global vector of known
boundary conditions. The following strategy was found suit-
able to solve this system of equations. Starting from a first
guess for the velocity field, the successive substitution method
is used to reduce the error inside the radius of convergence of
the Newton-Raphson method that is used to iterate until final
convergence. The linearized system of equations is solved by
direct Gaussian decomposition in a compacted, skyline, out-
of-core solver.

For two-dimensional flows, the biquadratic velocity, bilin-
ear pressure element was used and, for three-dimensional
flows, the trilinear velocity, constant-pressure element was
chosen for reasons of computational economy.

Results and Discussion
One of the most important factors in doing a numerical

analysis of an external flow problem is the design of the com-
putational region and the grid. The domain should be as small
as possible to keep a reasonable mesh size, but it must be large
enough to provide a realistic description of the flow. The crite-
ria used in this work have been chosen after many tests.

One of the advantages of the FEM is the implementation of
the boundary conditions. One can use both essential (e.g.,
specify/ values for the velocities) and natural (e.g., specify
values for the surface tractions) boundary conditions. Our

earlier experience for unbounded flows, such as a free laminar
jet that is very sensitive to outer boundary conditions, has
demonstrated the great utility of ' ' tr action- free," i.e., tt = 0
outer boundary conditions. This allows for unrestrained in-
flow or outflow through the outer boundaries and is thus
much less constraining on the flow than other boundary con-
ditions such as u = C/oo, v = 0, and p - P^. Also, with this
type of external condition and a Navier-Stokes treatment, no
"interaction" analysis is necessary.

For low Reynolds numbers (ReL < 1200), it was found that
an acceptable solution could be computed with a relatively
coarse mesh: 41 points in the streamwise direction and 15
points in the normal direction. For the higher ReL (> 3000), a
finer mesh was required due to the high gradients in the vis-
cous region. For the three-dimensional flows, a coarse mesh
(41 x 15 x 15) was used due to the limitations in the storage
and the CPU time. For all the meshes, it was crucial to use
clustering of the nodes near the plate in the normal direction
and near the leading and trailing edges for the streamwise
direction.

All the computations were executed on an IBM 3090 with
vector facility. The maximum total CPU time for the compu-
tation of a two-dimensional flow was 70 s. It was with a
91 x 31 node mesh for four iterations: two successive substitu-
tions and two Newton-Raphson. For the three-dimensional
flows with a41 x 15 x 15 node mesh, the total CPU time was
about 90 min using the same strategy. For the three-dimen-
sional flows, it was necessary to access a virtual machine of 12
megabytes of memory and to use 320 megabytes of disk stor-
age. The FEM computer code used was the convenient and
well-tested FIDAP.36

Two-Dimensional Flat Plate
The first problem treated is the two-dimensional flow about

a thin plate of finite length. Figure 1 shows the computational
region and the boundary conditions. The location of the up-
stream and top boundaries are dependent on the Reynolds
number. For the upstream boundary, the following criterion
was used:

where this Reynolds number is based on the distance from the
leading edge. This choice is based in part on the results of
Walter and Larsen.27 In their study, the decay of the upstream

U=1
Y=0

;top

ty=0

u=v=o tx=Y=0

*up 0.0 1.0 3.0

Fig. 1 Computational region and boundary conditions for the two-
dimensional finite flat plate.

Table 1 Characteristics of the domain and mesh
for the two-dimensional finite flat plate

Re ltop DX(LE) DX(TE) DY(FP) Grid

100
400

1,000
1,200
3,000
10,000
100,000

-2.00
-1.00
-0.50
-0.50
-0.20
-0.10
-0.10

1.000
0.500
0.400
0.400
0.250
0.110
0.110

0.000200
0.000170
0.000130
0.000130
0.000080
0.000008
0.000008

0.000200
0.000200
0.000200
0.000200
0.000200
0.000200
0.000200

0.000198
0.000162
0.000124
0.000124
0.000076
0.000066
0.000066

77x21
77x21
77x21
77x21
77x21
91 x31
91 x31
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velocity was found to begin at a value of about 100. In some
computational tests, some variations in the results were signif-
icant with that criteria. Therefore, it was decided to increase
the value to 200. For larger values of Xup than the one based
on the above criterion, no major differences were observed for
the upstream center line velocity distribution.

The top boundary is located at about two times the bound-
ary-layer thickness predicted by the Blasius solution. For this
case also, some tests were run with larger values of ytop as
much as twice the chosen value and no major differences were
observed for all the features of the flow including the pressure.
The pressure distributions were virtually identical and the
peak values agreed to within a few percent. For the wake
boundary, a constant location two plate lengths after the trail-
ing edge was used. The location of this boundary is primarily
dependent on how far one wants to see results in the wake. For
the top and wake boundaries, traction-free conditions were
employed.

It was found that a well-behaved solution could be obtained
with a 41 x 15 node mesh for the lower Reynolds number, but
it was decided to use a finer grid to maximize the accuracy of

CfRe

4.0-

3.0

1/2

2.0

1.0

0.01
-—— BLASIUS(1908)

0.0 0.2 0.4 0.6

X

0.8 1.0

Fig. 2 Skin-friction coefficient on the two-dimensional finite flat
plate.
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Fig. 3 Wake centerline velocity of the two-dimensional finite flat
plate.
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Wake velocity profiles of the two-dimensional finite flat plate.

A Re= 100
B Re= 400
D Re= 1200
E Re= 3000
F Re =10000

0.0 i

1000 10
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up

Fig. 5 Velocity variation on the stagnation streamline ahead of the
two-dimensional finite flat plate.

Table 2 Comparison of skin-friction coefficient ratio
for the two-dimensional finite flat plate at X = 0.8

Cf/Cf (Blasius2)
Re

100
400

1,000
1,200
3,000

10,000
100,000

Present Asymptotic3

1.409
1.225
1.170
1.166
1.141
1.081
1.033

.240

.200

.170

.160

.140

.090

.040
aJobe and Burggraf.19
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the solution for the skin-friction coefficient and for the near
wake. A 77 x 21 mesh was used for ReL smaller than 3000 and
a 91 x 31 mesh for ReL = 104 and 105. The grids are nonuni-
form with clustering near the plate and the leading and trailing
edges. A geometric increase in nodal spacing was used. The
values of the first element size are shown in Table 1.

The current results for ReL = 100, 400, 1000, 1200, 3000,
104, and 105 are shown in Figs. 2-5 and in Table 2. The nor-
malized skin-friction coefficient along the plate is given in Fig.
2. For the lower Reynolds numbers, C/is much higher than the
boundary-layer prediction. As ReL is increased, the agreement
is progressively closer, as might be expected. Also, the antici-
pated rise near the trailing edge due to the wake-induced pres-
sure is obtained. Table 2 shows the results for the ratio of the
computed Cf and the value of Cf predicted by Blasius at sta-
tion X = 0.8. Those results are compared with the ones ex-
tracted from the asymptotic analysis of Jobe and Burggraf.19

The agreement is very good for high ReL but becomes poor for
lower ReL. Globally, the results are in good agreement with
the asymptotic and other numerical results for high Reynolds
numbers. The range of applicability in terms of Reynolds
number of the asymptotic theories is much smaller than has
been claimed.

The value of Cf is computed using a second-order accurate
approximation for the derivative of the streamwise velocity.
Because of the very small spacing near the plate, a small error
can be amplified when doing numerical differentiation. This is
the main reason for the oscillations, especially near the leading
edge where high velocity gradients exist. The flowfield solu-
tions themselves are smooth. For the total drag coefficient of
the plate as a function of the Reynolds number, very good
agreement with the asymptotic theory and with the experi-
ments of Janour5 was achieved.

Next, the results for the near wake are given in Figs. 3 and
4. This region of the flow has been the subject of considerable
prior study. In Fig. 3, the present predictions for the variation
of the centerline velocity in the wake are presented along with
the available experimental data and the predictions of other
analyses. The comparisons justify the earlier assertion that the
predictions of previous analyses are in poor agreement with
the recent experiments of Nishioka and Miyagi.23 The present
numerical results are in good agreement with the experiments
at lower ReL. As ReL increases, our results agree more with the
asymptotic and interacting boundary-layer theories. It is pos-
sible that our disagreement with the experiments at high ReL
range is due to difficulties with the experiments. They had to
use a thicker plate at the same time as the boundary layer at
the trailing edge was becoming thinner. The equations and nu-
merical techniques used here are applicable over the whole
Reynolds number range. Some comparisons of the velocity
profiles at different stations in the wake are presented in Fig.
4. These results support the conclusions reached above. Also,
note the correct prediction of the overshoot in velocity.

The flow upstream of the leading edge has attracted much
less study in the past. The present results are plotted along
with two earlier analyses on Fig. 5. One can see a better overall
agreement with the asymptotic theory proposed by Van de
Vooren and Dijkstra,17 except far from the leading edge where
the current results approach the numerical results of Walter
and Larsen.27 The theory of Van de Vooren was aimed primar-
ily at the merging of the leading-edge solution smoothly into
the downstream boundary-layer flow (see introduction in Ref.
17). The claims for the accuracy of the methods used are all
cast in terms of the flowfield in that region of the flow, not the
upstream flow far ahead of the plate. It is perhaps important
to note that their results for the flow far upstream seem to be
asymptotic to a value less than the correct value of 1.0 or, at
least, the approach to the upstream flow is much slower than
indicated by physical intuition. The results of Walter and
Larsen27 appear strange in the near field ahead of the plate,
where they seem to asymptote to a value higher than the cor-
rect value of 0.0 as X^O.

Two-Dimensional Plate with Thickness
The difference noted above between the current results for

the infinitely thin plate and the experiments for the higher ReL
can be attributed in part to the thickness and geometry of the

T = 0.0075
Plate I
(Re-100)

L=1.0

Plate II
(Re=400)

T = 0.0032

L=1.0

Plate III
(Re=1200)
(Re=3000)

T = 0.00714 X = 0.754
0.00071

L=1.0

Fig. 6 Thick plate geometries used to model the plates in the experi-
ments of Ref. 23.
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Fig. 7 Wake centerline velocity of two-dimensional finite flat and
thick plates at Re = 100.
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Fig. 8 Wake centerline velocity of two-dimensional finite flat and
thick plates at Re = 400.
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real plates. An effort was thus made to duplicate the experi-
ments numerically.

Figure 6 shows the three computer models used to simulate
the experiments at the four Reynolds numbers. The dimen-
sions of the computational domain are the same as for the
previous problems, but the number of nodes was increased.
For the region above the plate, 21 points are again used; but
for the upstream and the wake regions, the number of points
in the normal direction was increased to 27 to permit resolu-
tion of the flow ahead of and behind the thick plate.

The results for the wake are shown in Figs. 7-10. The influ-
ence of the plate thickness is to slow down the recovery of the
centerline velocity in the near part of the wake.The thick plate
increases the width of the wake region. Hence, the incoming
fluid from the outer wake needs more time to reach the center-
line. After a certain distance past the plate, the flow over-
comes this effect and, in the far wake, the recovery follows the
same pattern as for a thin plate. The distance needed to reach
the same recovery rate is smaller for higher Re^. The agree-
ment between computer model predictions and experiments is
not perfect, but one can notice a clear improvement achieved
by taking into account the thickness of the plate.

It is also possible to make some comparisons with the
asymptotic results of Werle and Verdon.29 In their study of
thickness effects for rounded blunt trailing-edge subsonic
flows at high Reynolds number, they found the same trends as
observed here.

In Figs. 11 and 12, the influence of plate thickness on the
skin-friction coefficient and on the upstream velocity are
shown. Except near the leading edge, thickness does not have
a major effect on C/. For the upstream flow, the decay of the
centerline velocity toward the forward stagnation point is
much faster.

Some velocity vector fields in the near wake behind the plate
at low Reynolds number are shown in Fig. 13. Note that no
actual reverse flow is observed. The highly viscous fluid sim-
ply creeps over the corner. No comparisons with experiment
could be made. Indeed, such an experiment is now, and prob-
ably always will be, impossible to perform. Using the appara-
tus of Ref. 23 as a reference, one would have to make velocity
profile measurements over the near wake behind a plate whose
half-thickness is 0.015 mm! In such a case, the computer "ex-
periment" has a strong advantage. The "probe" in a numeri-
cal solution does not have inherent physical size limitations.

Three-Dimensional Flat Plate
The final part of the present study concerns the three-

dimensional flow past a thin plate of finite length and finite
width. The particular case of a square plate was selected.

The computational region and the boundary conditions are
shown in Fig. 14. The "construction" of the three-dimen-
sional domain was done by taking the two-dimensional do-
main for the desired Reynolds number and by extending this

0.8

0.4-

0.2

0.1 i

Re = 3000

GOLDSTEIN(1933)

Flot Plote

Thick Plate

NISHIOKA(1978)

0.02 0.20

Distance from TE

2.00

Fig. 10 Wake centerline velocity of two-dimensional finite flat and
thick plates at Re = 3000.
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----BLASIUS(1908)

0.0 0.2 0.4 0.6

X

0.8 1.0

Fig. 11 Skin-friction coefficient of two-dimensional finite flat and
thick plates.
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Fig. 9 Wake centerline velocity of two-dimensional finite flat and
thick plates at Re = 1200.

0.0

1000

Fig. 12 Velocity variation on the stagnation streamline ahead of two-
dimensional finite flat and thick plates.
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plane in the Z direction. The side edge of the plate is located
at Z = 0.5 and the external side edge of the domain is located
at Z = 1.5 for ReL = 102 and at Z = 1.0 for ReL = 103. A
mesh with 41x15x15 nodes was used for computational
economy. This is a relatively coarse mesh, but the adequacy of
the three-dimensional results on this mesh was judged by re-
running two-dimensional cases on the same mesh and noting
the discrepancies in comparison with two-dimensional results
on much finer meshes. The boundary conditions are now ap-
plied over planes. For the top, side, and wake planes, traction-
free conditions were invoked. For the upstream plane, uni-
form flow (U = 1 and V = W = 0) was applied. For the two
planes of symmetry, the usual boundary conditions were used
—no flow across the plane and traction-free conditions for the
other components.

Fig. 13 Velocity vector field near the trailing edge of the two-dimen-
sional finite thick plate at Re = 100.

w=o
v=o

t x=t y=w=o
tx=t z=v=o

Fig. 14 Computational region and boundary conditions for the
three-dimensional finite flat plate.

Some results are shown in Figs. 15-19. First, one can com-
pare the results for the midplane with those for the two-dimen-
sional solutions using a 41 x 15 node mesh with linear ele-
ments. The values for C/ over the plate are larger for the
three-dimensional flows. This seems reasonable because a part

0.8-

0.4

0.2

0.1

GOLDSTEIN(1933)

A Re = 100
C Re =1000

0.02 0.20

Distance from TE

2.00

Fig. 16 Wake centerline velocity of finite two- and three-dimensional
(square) flat plates.

4.0

Y/2*Re

A 2D

B 3D, Mid-Plane

C 3D, Side Edge, Vertical

D 3D, Side Edge, Lateral

0.0

Fig. 17 Velocity profiles at the trailing edge of finite two- and three-
dimensional (square) flat plates at Re = 100.

4.0-

0.0

Fig. 15 Streamwise skin-friction coefficient on finite two- and three-
dimensional (square) flat plates.

Y/2*Re

Fig. 18 Velocity profiles at the trailing edge of finite two- and three-
dimensional (square) flat plates at Re = 1000.
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4.0-

J/2

2.0-

A Re = 100

C Re = 1000

0.0 V-^
0.0 0.1 0.2 0.3

Z

0.4

Fig. 19 Streamwise skin-friction coefficient across a three-dimen-
sional finite flat plate at X = 0.5.

of the fluid slips away from the plate toward the sides, giving
a smaller boundary-layer thickness and therefore higher gradi-
ents in the boundary layer. This behavior is in qualitative
agreement with the solution of Stewartson and Howarth31

based on the Oseen approximation. The erratic behavior ob-
servable for the two-dimensional results at the higher ReL is a
result of the crude mesh.

The wake centerline velocity is shown in Fig. 16. The three-
dimensional results behave roughly similar to the two-dimen-
sional results for the square plate treated. Some differences
might be expected, since there will be a lateral flow into the
wake from the undisturbed flow to the sides of the plate in the
three-dimensional case. Asymptotically, the three-dimensional
wake can be expected to evolve into an axisymmetric wake
with a different recovery rate than for the planar, two-dimen-
sional wake case.

The next comparison is for the velocity profiles at the trail-
ing edge (Figs. 17 and 18). The profile at the midplane of the
plate is compared with the lateral and the vertical profiles on
the side edge. Both profiles are much fuller compared to the
Blasius2 (two-dimensional, high ReL) solution. Also, the
boundary-layer thickness on the side is smaller than the one at
the midplane. In a paper of Elder,32 the results of a three-di-
mensional experiment for ReL — 1.06 x 105 are presented. One
of the results found is that the lateral boundary-layer on the
side edge is about 0.35 times the vertical boundary-layer at the
midplane. For our low ReL cases, the corresponding ratio is
about 0.80. The last comparison is for the streamwise skin-
friction coefficient across the plate at the station X = 0.5. An
increase in C/as the side edge is reached is shown in Fig. 19 for
both Reynolds numbers.

Conclusions
The results obtained indicate that the finite-element method

applied to the full Navier-Stokes equations provides a power-
ful tool for studying the complete flowfield produced by a
slender body over a wide range of conditions, 102 < ReL < 105.
The method is efficient and robust, so good solutions with fine
meshes can be obtained at reasonable cost for two-dimensional
cases. For three-dimensional cases, computer storage and cost
considerations still place restrictions on the grid density that
can be practically employed, even for large vector machines.

The current comprehensive, two-dimensional numerical re-
sults were compared to prior analyses and experiments for
parts of the total flow, when available. The comparisons
demonstrate that all of the earlier treatments are restricted to
only parts of the flow and relatively narrow Reynolds number
ranges.

For the three-dimensional case, the literature was found to
be very sparse. Our three-dimensional results showed general

agreement with the few other approximate analyses or experi-
ments for parts of the flow that could be found. Several inter-
esting features of the flow were found that merit further study.
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